The aim of this study is to implement a closed-loop feedback control with a modeled controller of the flow over a NACA-4412 airfoil equipped with leading-edge zero net-mass actuators. We showed at the AIAA 2004 Portland meeting how low-dimensional methods can be effective for smart flow control. A first simple proportional feedback method was a crucial starting point for verifying the applicability of such low-dimensional methods to, not only control of flow separation over a wing, but to flow control in general. These methods based on the Proper Orthogonal Decomposition (POD) and modified Linear Stochastic Measurement (mLSM) techniques have already shown effective in extracting, estimating and representing the most energetic features of turbulent flows but the proportional feedback control showed that these features were great candidates for applied flow control. Using only real-time measurements of unsteady pressure along the chord of the airfoil, we are able to spatially estimate the flow field above the wing at all times and sense the incipient separation. For a better understanding of the actuation effect on the flow over the NACA-4412 airfoil, Particle Image Velocimetry (PIV) measurements in a wide window above the airfoil were taken. A higher order estimation, the modified Quadratic Stochastic Estimation (mQSM) is performed here and shows more effective in representing the coherent structures in the flow. By then solving a system of ordinary differential equations based on learning samples of the estimated POD coefficients and through Low-Order Dynamical Systems (LODS) development, we are able to obtain an estimate of the evolution equation of the flow. A novel way of decomposing the velocity field enables us to explicitly include the effect of the actuation in the evolution equation of the flow above the NACA-4412 airfoil for controller development. 
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Spatially averaged single-point temporal velocity correlation tensor a n (t o ) n th POD mode expansion coefficient a n (t) T he applications of closed-loop control of separated flows are numerous and can greatly improve the quality of flows and thus the maneuverability and efficiency of all vehicles exposed to high Reynolds number flows. Flow control in a closed-loop sense requires a very fast sensing and response capability at rates that can reach high values especially as we approach realistic Reynolds number flows, where turbulence occurs and the systems become a real challenge for real-time solving. We therefore need low-dimensional tools that can reduce the complexity of the system and extract only the features of the flow important for control. Proper Orthogonal Decomposition (POD) introduced by Lumley (1967) 1 and modified Linear/Quadratic Stochastic Measurement (mLSM/mQSM) (Adrian (1975) , 2 Bonnet et al. (1994) , 3 Taylor & Glauser (2004) 4 ) low-dimensional techniques are used here to capture the most energetic structures of the flow. Also when implementing control in practical situations, it is important to make sure the control method is overall cost-efficient, therefore our approach is to have a minimal actuation input with an order one incidence on the flow. The aim is to keep the feedback control always ON and the flow always attached, the actuation amplitude following that dictated by the feedback loop. In many real applications of closed-loop flow control, the actuation has to be performed upstream of the sensing (e.g. flows over cavities, airfoils, bluff bodies...) since the effect of the actuation often needs to be convected over the body of interest. This implies several requirements in the closed-loop scheme: some filtering needs to be performed in the sensing since often the sensors can be sensitive to the actuation which will hide the real information contained in the flow itself, and a prediction capability needs to be acquired so that the control performed upstream of the sensing is 'in phase' with the events passing over the actuation device at that instant. The development of dynamical systems based on the equations governing the flow is therefore a natural (but challenging) step to be able to predict the dynamics of the flow. Also, in an effort of implementing modern control algorithms to closed-loop control, it is crucial to include the actuation effect explicitly in the model of the flow to be used as a control input. Therefore, part of this work results in an analytical expression for the model of the flow utilizing a novel decomposition of the velocity to include actuation explicitly.
II. Experiment
The experiments were led in the Syracuse University subsonic wind tunnel which is a closed recirculating subsonic Gottingen-type tunnel with a 2 ft.(w) x 2 ft.(h) x 8 ft.(l) test section made of optical plexiglass panels and shown with the full experimental arrangement in Figure 1 . The speed in the test section is continuously variable from 5 to 60 m/s.
The NACA-4412 airfoil model was designed to meet several requirements. 5 It is two-dimensional with a constant chord length and airfoil section geometry along the span. The model size is chosen to avoid significant blockage in the 2 ft. x 2 ft. wind tunnel test section. Actuators and pressure transducers are configured in a modular fashion to enable rearrangement when required. Three-dimensional effects from tip vortices and the tunnel walls are reduced to a negligible level by locating the measurement window far enough from the airfoil ends and test section walls. The wing span is 2 ft., thus covering the entire width of the test section. Pressure and 2-Component Particle Image Velocimetry (2C-PIV) measurements were taken at a mid-span plane where the flow is assumed to be two-dimensional. The experimental results presented here are performed at a free-stream velocity of 10 m/s, corresponding to a Reynolds number of 135,000 based on chord length. Given the thickness distribution of the model, the most accessible location for actuator placement was in the first 10 to 30 percent of the chord. This is a good choice of location for the actuation based on boundary layer growth as well. The angle of attack (AoA) is continuously variable. Therefore the optical velocity measurement setup is mounted on the wing rod and rotates with it so the airfoil stays at a Velocity Measurements were acquired with a Dantec Dynamics PIV system. The need for the actuation input in the dynamical system and the interest in the precise physical mechanisms behind our actuation led us to modify the previous measurement setup around the NACA-4412 airfoil model. The previous 3C-PIV window 7 only covered approximately half of the airfoil surface and did not include the actuators in the picture, therefore, simultaneous 2C-PIV measurements were performed in two contiguous windows using wide angle lenses to increase the measurement area. The two off-axis simultaneous velocity measurements were then dewarped and matched to result in one window containing the whole flow above the airfoil and part of the wake. Figure 3 shows the instantaneous flow field at α = 15 o without actuation. It is clear in this picture that the trailing edge separation has started to move upstream. The trailing edge separation occurring very gradually on the NACA-4412 as the AoA is increased, it is believed the wing still experiences significant lift in this state. On the other hand, Figure 4 shows the sudden leading edge separation that occurs for α > 15 o , lift dropping and drag increasing greatly. Refer to the appendix for the mean velocity maps at each AoA with and without leading edge actuation. To investigate the effect of the actuation on the overall flow in the new window, a simple 2500 Hz sine wave was output to the actuators, frequency observed to be the most effective in delaying the sudden leading edge separation with our actuators. It can be noticed in Figure 5 at α = 17.5 o with actuation ON, as compared to Figure 6 without, that the leading edge separation has been suppressed but the trailing edge separation remains. Moreover, by looking at PIV measurements of the jet exiting the actuators, we observed that the most effective actuation frequency (2500 Hz) exhibits no significant flow whereas lower frequencies (∼500 Hz) which are less effective in delaying separation do exhibit a jet flow with velocities on the order of 0.5 m/s, which suggests that the actuation is effective acoustically only and would force laminar-turbulent transition and thus delay the leading-edge separation at this Reynolds number. The separation control with these types of actuators is therefore strongly dependent on the Reynolds number and on the natural location of the laminar-turbulent transition. This Reynolds number of 135,000 was chosen to approach as much as possible the conditions used by Carlson et al. at Clear Science Corp. in their computations of the similar experiment. This Reynolds number is also close to the one experienced by typical Unmanned Air Vehicles (UAV) and the results found here could be quite significant for such applications. The application of closed-loop control to this problem was demonstrated for the first time by Glauser et al. (2004 b ) 6 and showed effective in autonomously sensing the progress of the trailing edge separation upstream as the AoA was increased which increased the level of actuation to prevent the leading edge separation from happening. We can, from these PIV measurements conclude that our current actuation devices are only able to acoustically prevent leading edge separation and do not introduce enough momentum in the boundary layer to reattach the flow in the trailing edge separated region. The use of new actuating devices will be investigated for controlling the separation over the entire airfoil chord in a closed-loop manner. In the case of the NACA-4412, the leading edge separation limits the upper range of AoA since it happens before the full trailing edge separation, it therefore needs to be addressed in all cases.
IV. Low-Dimensional Analysis
A. The 'Classical' POD The 'classical' Proper Orthogonal Decomposition (Lumley (1967) 1 ) has been applied to the fluctuating velocity field by Ausseur & Pinier (2005) 7 to get a low-dimensional picture of the events taking place in the separating region of the airfoil. In that previous setup, the 3C-PIV window had a lower resolution and smaller size to capture only the separating region of the flow. The new PIV window and resolution led us to use the 'snapshot' POD described in the next paragraph. Glauser et al.(2004 b ) 6 showed that POD was an effective tool for extracting the most energetic features in the flow and furthermore the low-dimensional expansion coefficient estimated for all times through the mLSM technique was a good candidate for closedloop flow control since only the most energetic part of the flow is captured. The POD maximizes the energy content of the flow in an orthonormal basis of functions solution of the following integral problem:
where R ij ( x, x ) is the ensemble averaged two-point spatial velocity correlation tensor, defined as:
where t o is a given PIV-snapshot time. We then can extract the time dependent (but not resolved) expansion coefficients describing the flow, by projecting the PIV velocities onto the eigenfunctions, as follows:
where u i ( x, t o ) is the velocity field at a given PIV-snapshot time.
The eigenfunctions φ (n)
i ( x) of equation 1 give the optimal basis in terms of energy, and are empirical eigenfunctions since they are derived from the ensemble of the observations. The Hilbert-Schmidt theory ensures that if the random field occurs over a finite domain, an infinite number of orthonormal solutions can be used to express the original random velocity field, u i , therefore we can then partially or totally reconstruct the original velocity field by projecting a n (t o ) onto the eigenfunctions:
where N is the number of modes with which we wish to reconstruct the velocity field. If N is ∞ the velocity field is totally and exactly reconstructed. N can be set to a finite number to result in a low-dimensional reconstruction of the flow field. Through the POD, most of the flow's kinetic energy can be captured in a small number of modes relative to the total number of modes, enabling an accurate representation of the larger 'coherent' structures. The finer resolution and large window provided by the two-window 2C-PIV, as seen in the previous results is important to capture the smaller eddies in the flow to prevent spatial aliasing. The new velocity map is here composed of N=16637 vectors with T=750 statistically independent snapshots for each case. In cases where the number of grid points is much greater than the number of snapshots, to reduce the dimension of the eigenvalue problem, it is more appropriate to use the 'snapshots' method of the POD introduced by Sirovich in 1987. 8 This method reduces the eigenvalue problem to the dimension of T instead of n c × N with the 'classical' POD method. In this case, the integral eigenvalue problem from equation 1 can be shown to be equivalent to:
where C(t,t') is now a temporal correlation tensor defined as:
and a n (t) are the temporal eigenfunctions. For reasons of consistency with the 'classical' POD, the latter are arbitrarily chosen to satisfy the following relation:
The spatial eigenfunctions φ (n) i ( x) must then be defined as:
so that they be orthonormal and verify: The low-dimensional velocity fields are then reconstructed by projecting the temporal eigenvectors a n (t) onto the spatial eigenvectors φ 5 to try and implement a simple closed-loop control using the first mode only to be fed back to the actuators. This method then showed to be effective 6 in at least representing the structures with the most energy in the flow but is only a first step towards more sophisticated experimental real-time control of a separating flow.
C. The modified Linear/Quadratic Stochastic Measurements (mLSM/mQSM)
The Linear Stochastic Estimation (LSE) was proposed by Adrian in 1975.
2 He recognized that the statistical information contained within the two-point correlation tensor, R ij , could be combined with instantaneous information to form a technique for estimating the flow field. Cole et al. (1991) 9 demonstrated this in the axisymmetric jet shear layer where they successfully estimated the velocity radially across the jet shear layer using information from only a few radial locations. Bonnet et al. (1994) 3 expanded on the work of Adrian and Cole et al. (1991) 9 to form the Complementary Technique which combines the POD and LSE to obtain the time dependent POD expansion coefficients from instantaneous velocity data on coarse hot wire grids. Taylor and Glauser (2002, 2004) 4 further expanded these methods and demonstrated how instantaneous wall pressure measurements could be used to construct an accurate representation of the instantaneous velocity field from wall pressure alone (i.e., the modified complementary technique or mLSE, now termed mLSM).
To be able to estimate the state of the flow above the NACA-4412 airfoil at all times from wall pressure alone, the mLSM was used by Ausseur & Pinier (2005) 7 and Glauser et al. (2004 b ). 6 This technique enables a direct measurement of the low dimensional expansion coefficientã n (t) of the flow from a reduced number of sensors located on the wing surface. For each POD mode n, we can describe the estimated POD expansion coefficient as a series expansion using the discrete instantaneous surface pressure measurements p i (t) at each streamwise position i on the airfoil surface:
This expansion can then be truncated above the linear term (mLSM) or the quadratic term (mQSM) to be able to estimate the expansion coefficient directly. To minimize the mean square error defined as,
we solve the following matrix problem for the linear and quadratic coefficients A ni and B njk for each mode n:
The expansion coefficient can then be estimated in real-time using the following simple matrix multiplications:ã , 10 when utilizing wall pressure to estimate the boundary layer flow field, both linear and quadratic terms need to be kept to be able to estimate accurately the conditional event. Murray & Ukeiley (2002) 11 also showed with computational data that the quadratic estimation procedure was far more effective than the linear estimation when sensing surface pressure to estimate the flow field in a cavity. Here we present experimental results comparing reconstructions with the linear (mLSM) and quadratic (mQSM) techniques, therefore estimating here directly the expansion coefficient instead of estimating the velocity (LSE). It can be shown that the LSE/QSE and the mLSM/mQSM procedures are exactly equivalent but the latter are much faster computationally since many of the velocity correlations are already contained in the expansion coefficient and have been computed offline. Therefore, with the aim of real-time closed-loop control, the mLSM/mQSM will be preferred for its suitability to realtime computations at high loop rates. Figures 10 and 11 show respectively the linear (mLSM) and quadratic (mQSM) reconstructions of the fluctuating velocity field shown in Figure 12 . It is noticeable that the addition of the quadratic term enables a much better representation of the flow field and we are able to retrieve a greater part of the energy contained in the flow which will, in turn, improve the development of a model for the flow through training of the dynamical system described in the following section.
V. Controller Development
A first accurate Reduced-Order Model (ROM) of the turbulent mechanisms in a wall-bounded flow using the POD and a Galerkin projection of the Navier-Stokes equations was derived by Aubry et al. in (1988) . 12 
Ukeiley et al. (2001)
13 then utilized the POD to model a simple low-dimensional dynamical system able to predict the temporal dynamics of the larger structures in a turbulent plane mixing-layer. Following the same idea, Ricaud (2003) 14 and Delville at the LEA in Poitiers, France derived a set of non-linear ordinary differential equations (ODE) describing the evolution of the flow field but computing the coefficients of the ODEs using sets of experimental data or 'learning samples'. The evolution equation of the POD coefficient a m (t) is a cubic equation and using Einsteinian notation is given by:
Ausseur & Pinier (2005) 7 have presented results on the dynamical system above trained using a learning sample of uncontrolled incipiently separating flow over the NACA-4412 airfoil. They show the relative effectiveness of this method even in such a complex turbulent flow by comparing an original signal with the one predicted with the dynamical system. Work is in progress to increase the prediction capability by developing and tuning a dynamical system trained with experimental data from the new PIV window and mQSM estimations.
The aim of this work is ultimately to develop a sophisticated controller for the flow separation at high angles of attack. Glauser et al. (2004 b ) 6 demonstrated a simple proportional feedback was feasible in realtime with surface pressure measurements only to estimate the state of the flow, the actuator input being as follows:
But they also showed the expansion coefficient measured through the mLSM is a great candidate for driving actuators in a closed-loop feedback fashion whether it is a simple proportional or more complex modern controls algorithm based on a model and controller of the flow. Note that the dynamical system from equation 14 does not include any actuation term thus can only be used to study the dynamics of the turbulent flow and predict its behavior. The application of a controller to the flow separation problem requires that the control input be represented explicitly in the ROM, therefore a velocity decomposition different from the Reynolds decomposition will be used here in the case of a constant AoA, as given by Carlson (2004) 15 :
where ζ(t)ȗ i ( x) represents the effect of the surface jet and is obtained through PIV measurements.ȗ i ( x) is defined as:ȗ
where u o i ( x) ActON and u i ( x) ActOF F are the mean velocity maps respectively with and without actuation of amplitude ζ 0 .ȗ i ( x) therefore represents the normalized overall 'effect' of the actuation on the flow. The decomposition from equation 16 is derived for an airfoil at constant AoA. From this decomposition, the ROM of the flow can be derived to be as follows and now includes the actuation input explicitly:
Another requirement for the application of a canonical controller is that the model be linear, therefore the higher order terms will be excluded in a first step:
The experimental part is currently being carried out both for a constant AoA and for a pitching airfoil in which case the velocity decomposition and ROM expressions are different than presented above. The computational part of this effort was performed by Henry Carlson at Clear Science Corporation. The airfoil model is also a NACA-4412 but the Reynolds number is significantly lower (Re=1000) which leads to major differences in the state of the flow between experiment (turbulent flow) and computations (laminar flow) but the controller development through dynamical systems analysis remains very similar in both cases. In the computational case, the surface jet was located on the pressure side of the airfoil at the tail. The vortex shedding period with no jet is T N = 10.908. The jet frequency is prescribed as four times the shedding frequency: ω F = 4ω N . The ROM is constructed with four POD basis functions. Figure 13 shows the reconstruction using the 'moments' method described in Equation 14 . The results are very encouraging as to the effectiveness of this method in acquiring a experimental prediction capability.
VI. Conclusion
Developing a practical controller from experimental data is a somewhat challenging task but many issues seem to have been overcome. The use of the low-dimensional tools described in this paper is crucial especially in a turbulent separating flow such as this one and has enabled us to present a first closed-loop control based on these techniques. The spatial estimation of the flow velocities using surface pressure sensors has also shown to be very sensitive to higher order terms that improve greatly its potential for accurately representing the flow structures essential to flow control. The analytical work presented here in the effort of linking flow control to modern controls theory is a necessary step for developing and implementing a controller of the flow based on the Navier-Stokes equations that includes the actuation input. The novel decomposition of velocity proposed here is a practical means of accomplishing this link. Further experimental work from the flow separation problem on the NACA-4412 using this decomposition will be performed to compare with the encouraging and effective computational findings. 
